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1 Introduction

Given an elliptic curve E over a finite field Fq, the easiest way to generate a
primitive (i.e., not factoring through multiplication by a scalar greater than
1) high-degree isogeny emanating from E is as a composition of small-degree
isogenies, computed using Vélu-type formulas, and Frobenius maps. This is
then also the easiest way to represent it: one simply writes down the defining
polynomials of each component. Away from smooth degrees and up to Frobenius
factors, we are unaware of efficient methods for computing outgoing isogenies,
except under extra assumptions on E.

2 Supersingular case

The main case where one can do better is when E is supersingular and End(E)
is known. Then it is possible to efficiently compute primitive isogenies from E
of any given degree d, so long as νp(d) ≤ 1 (νp = p-adic valuation; if p2 | d
then such isogenies do not exist). Indeed, one can choose a primitive (i.e., not a
multiple of an ideal generated by an integer greater than 1) left ideal I ⊂ End(E)
of reduced norm d and convert it into an isogeny φ : E → E′.

Until fairly recently, all known ways of carrying out this conversion made use
of the KLPT algorithm [KLPT14; Wes21], and all known ways of representing φ
naturally disclosed some information about End(E). This situation has changed.
Indeed, using the higher-dimensional isogeny representations from [Rob22a] we
can now represent φ by its degree d and interpolation data (P,φ(P )), with P
iterating over a set of generators of a smooth-order subgroup G ⊂ E containing
at least 4d + 1 elements: this is enough for the efficient evaluation of φ at
any point P ∈ E (it is during this evaluation that the higher dimensions kick
in). In particular, there is no need to reveal information about End(E). This
“zero-knowledge” feature is very attractive from a cryptographic viewpoint:
e.g., it opened the door for two signature schemes [BBC+25; Ler25] in which
the signature is an isogeny of large prime degree from a supersingular elliptic
curve E/Fp2 whose endomorphism ring is known to the signer only. Moreover,
along with the higher-dimensional machinery came the “Clapoti” technique for
ideal-to-isogeny conversion [BDF+25; PR23], allowing one to by-pass the KLPT
algorithm and making these signature schemes comparatively fast.



3 Ordinary case

The ordinary case comes with specific challenges; note that, here, it can always
be assumed that End(E) is known, perhaps apart from factoring the discrimi-
nant ∆q = t2E − 4q of the q-th power Frobenius endomorphism on E [Rob22b,
§4].

First, it is important to observe that, for the vast majority of positive integers
d, we cannot hope for an efficient method to compute a primitive outgoing
isogeny φ : E → E′ of degree d. The main difference with the supersingular
case is that ideals of norm d do not exist in general, so that φ necessarily involves
“descending” steps. This will be the case if and only if d has a prime factor ℓ
that is inert in End(E). Then unless

ℓ | ∆q/∆End(E) (5.1)

for all such factors ℓ, the codomain E′ is necessarily defined over a strict ex-
tension field Fqk ⊃ Fq, whose degree k is typically exponential in log d. In such
cases it is unreasonable to ask for an efficient method for computing a primitive
d-isogeny from E.

We therefore restrict to the case where an ideal I ⊂ End(E) of norm d exists
(for other meaningful variants, see [Gal25]); then the corresponding isogeny
φ and codomain E′ can always be defined over Fq. While this case remains
unsolved in general, the aforementioned Clapoti technique can be used for a
polynomial-time method in all cases where I is invertible, i.e., corresponding to
a “horizontal” isogeny [PR23].

4 Problem statements

In the following statements, an isogeny between two elliptic curves E,E′ defined
over a finite field Fq is thought of as any evaluation algorithm that can be called
at cost poly(log q, k, log d), where d denotes the degree of the isogeny and k
denotes the extension degree of the defining field of the input point P ∈ E(Fqk).

We first state the problem(s) in the supersingular case:

Problem 5: Large-degree Isogenies from Elliptic Curves

Find a Las Vegas algorithm which, upon input of

• a supersingular elliptic curve E/Fp2 (p prime),

• a positive integer d with νp(d) ≤ 1,

outputs an elliptic curve E′ and a primitive isogeny E → E′ of degree d. The
expected runtime of the algorithm should be sub-exponential in log d and log p.

Reasonable heuristic assumptions such as the Generalized Riemann Hypoth-
esis (GRH) are tolerated. Likewise for quantum subroutines: a sub-exponential



quantum solution to Problem 5 would already suffice for cryptanalytic impact.
But, of course, a classical polynomial-time solution would be the ideal outcome
(perhaps apart from the cost of factoring d, in case this turns out to be a neces-
sary step). The prototypical target is where d is a large prime number different
from p, where even the special case E[d] ⊂ E(Fp2) is of great interest.

Cryptographic applications more realistically rely on the following relaxed
version of the problem, in which an attacker has oracle access to a solver for
Problem 5 and is asked to return an “independent” solution:

Problem 5.1: Find a Las Vegas algorithm which, upon input of

• a supersingular elliptic curve E/Fp2 (p prime),

• a positive integer d,

and with oracle access to a function which upon input of any positive integer
e, coprime to p, returns an elliptic curve E′′ and a primitive degree-e isogeny
E → E′′, outputs the following:

• an elliptic curve E′ and a primitive isogeny E → E′ of degree d whose
kernel trivially intersects the kernel of any isogeny returned by the oracle,

• or ⊥ if no such isogeny exists.

The expected runtime of the algorithm should be sub-exponential in log d, log p
and the number of calls to the oracle.

It is not known whether Problem 5.1 is easier than Problem 5, apart from the
pathological cases where the output is ⊥ (which happens when p2 | d or when
ℓ | d for a small prime ℓ and the oracle calls exhaust all of E[ℓ], kernel-wise).
See the next section for a brief discussion.

Remark. The condition that the oracle can only return isogenies with domain
E, resp., that the final isogeny should be independent from those returned by
the oracle (rather than just different), is needed for an interesting problem:
otherwise an efficient solution can be found by means of isogeny pull-backs,
resp., isogeny factorizations, which can be carried out efficiently [Rob25].

In the ordinary case, we state:

Problem 5.2: Find a Las Vegas algorithm which, upon input of

• an ordinary elliptic curve E over a finite field Fq,

• an imaginary quadratic order O with an isomorphism ι : O → End(E),

• a primitive ideal I ⊂ O of norm d,

outputs an elliptic curve E′/Fq and an isogeny E → E′ with kernel ideal ι(I).
The expected runtime of the algorithm should be sub-exponential in log d, log q
and the combined cost of the calls to ι(α), α ∈ O.

Here, the prototypical target is where d is a large prime number different from
p and I is not invertible in O.



5 Hardness

Currently, the best general approach to Problem 5 and Problems 5.1 and 5.2 is
to factor d and do a piece-wise application of Vélu-type formulae. In the special
case where the required kernel points can be found over the base field, using the√
élu formulae from [BDLS20] this runs in time Õ(ℓ1/2) with ℓ the largest prime

factor of d. But in general the kernel points are defined over a field extension of
degree O(ℓ) only. As explained in [Gal25; NO26], the method is then dominated
by the sampling of a point of order ℓ over this field extension, which takes time
Õ(ℓ2).

Remark. As pointed out in [NO26], the mere construction of this field exten-
sion is even more expensive: Õ(ℓ2) classically and Õ(ℓ5/2) quantumly.

Recall that Problem 5 admits a classical polynomial-time solution as soon
as End(E) is known, so the hardness of the supersingular endomorphism ring
problem is an upper bound for the hardness of Problem 5. The converse reduc-
tion is not known and most researchers expect that such a reduction would not
be easy to establish. In turn, it is clear that Problem 5.1 is at most as hard as
Problem 5. Again, the converse reduction is not known, but here is a loose ar-
gument why the oracle access does not make Problem 5 substantially easier: all
current approaches to the supersingular endomorphism ring problem strongly
rely on the computation of random large-degree isogenies, and at no point in
these approaches it would come in helpful if these isogenies were of non-smooth
degree (except for the Frobenius isogeny which was used, e.g., in [FIK+25]).
So, at least, it seems that the oracle access does not make the supersingular
endomorphism ring problem any easier.
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